Abstract: In this paper some equivalence relation in the class of bounded sequences of positive numbers is discussed. This relation enables to understand better the permutations preserving divergence of the same rate, introduced by Johnston. It also gives the possibility to prove, in a new way, the combinatoric characterization of these permutations.
Introduction
Motivation for preparing this paper was Johnston's paper [3] and the rearrangements that preserve rates of divergence discussed in it. Let us recall, after Johnston, some notation. 
If α = β = 1 in the above relation, then we say that these series are asymptotic and we write a k ∼ b k .
Definition 2.
A permutation p on N is called the permutation preserving divergence of the same rate if for each divergent series a k , with positive and bounded sequence of terms, both series a k and its p-rearrangement a p(k) diverge at the same rate.
Johnston observed that the family of all permutations on N preserving divergence of the same rate forms a group and it is not the normal subgroup of the group of all permutations on N.
Furthermore, he proved the following combinatoric characterization of these permutations. 
for every finite interval I ⊂ N.
In this paper we introduce some equivalence relation ρ, defined in the family of bounded sequences of positive numbers, which gives us the possibility to investigate more carefully the permutations preserving divergence of the same rate, presented and discussed by E. Johnston. This relation enables also to obtain easily the Johnston characterization (see Theorem 3 from above) shedding some new light on condition (2) (see Corollary 10 at the end of this paper).
Equivalence Relation ρ
Let d denote the class of bounded sequences of positive real numbers. We introduce in class d relation ρ defined in the following way: {a n }ρ{b n } ⇔ for every increasing sequence {n i } of natural numbers both series a n i and b n i are simultaneously either convergent or divergent, for every {a n }, {b n } ∈ d. One can easily verify that ρ is the equivalence relation in d. Let {a n }, {b n } ∈ d. If a n i = +∞ and b n i < +∞ for some increasing sequence {n i } ⊂ N,
then sequences {a n } and {b n } belong certainly to different equivalence classes with respect to relation ρ and vice versa. It appears that condition (3) is equivalent with the existence of increasing sequence {n i } ⊂ N such that a n i = +∞ and lim a n i b n i = +∞ (see Theorem 4).
It can be also shown (see Theorem 6) that if sequences {a n }, {b n } ∈ d belong to the same equivalence class with respect to relation ρ, then there exist the constants m, M > 0, m ≤ M, such that an>M bn a n < +∞ and
(if the set of subscripts is empty then we take the sum as equal to 0), from which we get easily that
(see Theorem 7). We note that the above characterization is not sufficient for belongingness of sequences {a n } and {b n } from d to the same equivalence class with respect to relation ρ (see Remark 9). Whereas if {a n }, {b n } ∈ d
and lim inf k sequences {a n } and {b n } belong to different equivalence classes with respect to relation ρ.
We present now the theorems mentioned above.
For existence of an increasing sequence of positive integers {n ′ i }, such that a n ′ i = +∞ and b n ′ i < +∞, it is necessary and sufficient that there exists an increasing sequence {n i } ⊂ N such that a n i = +∞ and lim
Proof. Let c n , d n > 0, n ≥ 1. We show that if c n = +∞ and d n < +∞ then there exists an increasing sequence {n i } ⊂ N such that
First of all, let us notice that then, for each M > 0, if
By this property we define now two auxiliary sets of indices {t n } and {k n }. Let
In general
One can easily verify that the increasing sequence {n i } of all elements of the following set {n ∈ N | there exists s ∈ N such that k s ≤ n ≤ t s and n ∈ N s } fulfils conditions (5). Now, let us assume that there exists an increasing sequence {n i } ⊂ N such that a n i = +∞ and lim an i bn i = +∞ and a n i , b n i ≤ 1, i ≥ 1. Let k s = min{k ∈ N | a n i ≥ 2 s b n i for every i ≥ k}, s ≥ 1. We form two auxiliary sequences {t s } and {l s }:
be the increasing sequence of all elements of set
Then we have
Corollary 5. Let a n , b n > 0, lim b n = 0. If a n = +∞, then there exists an increasing sequence {n i } ⊂ N such that a n i = +∞ and a n i b n i < +∞.
Proof. It is enough to notice that a n = +∞ and lim an anbn = lim 1 bn = +∞, and to apply Theorem 4.
Theorem 6. Let {a n }, {b n } ∈ d, a n = b n = +∞. If sequences {a n } and {b n } belong to the same equivalence class with respect to relation ρ, then there exists M > 0 such that an>M bn a n < +∞ (if {n ∈ N | a n > M b n } = ∅, then an>M bn a n := 0).
Proof. Let us suppose that for each M > 0 an>M bn a n = +∞.
For simplicity we assume that a n ≤ 1, n ≤ 1. We form two auxiliary sequences {k s } and {t s } of positive integers
t s = min t ∈ N| t ≥ k s and ks≤n≤t an>2 s−1 bn a n ≥ 1 , for every s > 1. Let {n i } be the increasing sequence of all elements of set s∈N {n ∈ N| k s ≤ n ≤ t s and a n > 2 s−1 b n }.
We can easily check that a n i = +∞ and b n i < +∞. Indeed, we have a n i = s≥1 ks≤n≤ts an>2 s−1 bn a n ≥ s≥1 1 = +∞,
Thus the sequences {a n } and {b n } belong to the different equivalence classes with respect to relation ρ which contradicts the assumption. Theorem 7. Let {a n }, {b n } ∈ d. If sequences {a n } and {b n } belong to the same equivalence class with respect to relation ρ, then
Proof. It is sufficient to confine the considerations to the case a n = b n = +∞. Let M > 0 be such as in Theorem 6. Let us put k n=1 * a n :=
an>M bn a n otherwise, and similarly
Since n≥1 * a n < +∞, therefore an≤M bn a n = +∞ must hold and from this, for
But condition
an≤M bn a n = +∞ implies that also . Analogically we prove that sequence
is bounded as well.
Corollary 8. Let {a n }, {b n } ∈ d. If the one of the following conditions hold
then the sequences {a n } and {b n } belong to the different equivalence classes with respect to relation ρ.
In other words, if lim sup k k n=1 a n k n=1 b n = +∞, then there exist the positive integers {n i } such that a n i = +∞ and b n i < +∞.
Remark 9. Theorem 7 cannot be inverted. More precisely, there exist sequences {a n }, {b n } ∈ d satisfying condition (1) and belonging to the different equivalence classes with respect to relation ρ. For this purpose let us set a n = n −1 ,
We easily check that lim k k n=1 a n k n=1 b n = 1 and, in spite of this, sequences {a n } and {b n } belong to the different equivalence classes with respect to relation ρ. Indeed, we have
Proof of Johnston's Theorem 3
First we observe that if
where the supremum is taken over all finite intervals I in N, then there exists a sequence {I n } of finite intervals in N such that
and k < l for any k ∈ I n ∪ p(I n ), l ∈ I n+1 ∪ p(I n+1 ) and n ∈ N. On the other hand, if M ∈ N and card(I \ p(I)) ≤ M , for every finite interval I in N, then for every n ∈ N there exist the disjoint sets A n , B n ⊂ N such that
Next, if {a k } is a bounded sequence of positive terms and the series a k is divergent then
and it means that p is the permutation preserving divergence of the same rate.
Corollary 10. Let p be a permutation on N. If
where supremum is taken over all finite intervals I in N, then there exists a divergent series a n with {a n } ∈ d such that the sequences {a n } and {a p(n) } belong to the different equivalence classes with respect to relation ρ. We note that condition (7) could be replaced by the following strange condition: there exists an infinite set A ⊂ N such that A ∩ p(A) = ∅.
Furthermore, if for every {a n } ∈ d the sequences {a n } and {a p(n) } belong to the same equivalence class with respect to relation ρ, then there exist N = N (p) ∈ N such that p(n) = n for every n ∈ N, n ≥ N .
Final Comments
The subject matter using or referring to the quotients of the nth partial sums of series, discussed here, appears in many papers of various authors (see [1] , [2] , [4] ). With no doubts, this subject represents a very useful technical tool and we think that the results presented in this paper can contribute in consolidating this matter.
Next, from Theorem 3 it follows that every permutation p on N preserving divergence of the same rate is simultaneously a convergent permutation, i.e. permutation satisfying the following condition: for every convergent real series a n (either complex series or even vector series in complete normed space) the p-rearranged series a p(n) is also convergent. It is well know that the convergent permutations preserve also the sum of rearranged series (see [5] , [6] , [7] ). We note that if q is a bijection of N onto some subset W of N with finite complement and the condition (2) holds, then q is a bijection preserving convergence in sense of definition of the convergent permutation p given above. But there is one spectacular difference between these, so called, convergent bijections and convergent permutations. Convergent bijections generally do not preserve the sum of rearranged series.
